In this paper, from the algebraic reductions from the Lie algebra gl(n, C) to its commutative subalgebra Z n , we construct the general Z n -Sine-Gordon and Z n -Sinh-Gordon systems which contain many multi-component Sine-Gordon type and Sinh-Gordon type equations. Meanwhile, we give the Bäcklund transformations of the Z n -Sine-Gordon and Z n -Sinh-Gordon equations which can generate new solutions from seed solutions. To see the Z n -systems clearly, we consider the Z 2 -Sine-Gordon and Z 3 -Sine-Gordon equations explicitly including their Bäcklund transformations, the nonlinear superposition formula and Lax pairs. 
Supposing u is a solution of eq.(2.6), and under the following transformation, u ′ in the following will be another solution of eq.(2.6), 3 The Z n -Sine-Gordon equation and Z n -Sinh-Gordon equation
To construct new multicomponent Sine-Gordon and Sinh-Gordon systems which might have potential applications in biology such as DNA structural dynamics, we will consider the case when u take values in a commutative algebra Z n = C[Γ]/(Γ n ) and Γ = (δ i,j+1 ) ij ∈ gl(n, C). This will lead to the case of Z n -Sine-Gordon equation which is also equivalent to another Z n -Sinh-Gordon equation. Let us firstly introduce the following lemma.
Lemma 1. The following identity holds
a n a n−1 a n−2 · · · a 0
where,
Proof. In order to prove the above conclusion, a direct calculation can lead to
(3.11) Here we have used the results as
Through a direct calculation, we can finish the proof by choosing the specific k-th diagonal position of both matrices of two sides of the identity (3.9).
By a tedious calculation, we can get the following Z n -Sine-Gordon equation :
Also by a tedious calculation, we can derive the Bäcklund transformation of the Z n -SineGordon equation in the following theorem. 
Proof. If (u k , 0 ≤ k ≤ n) are solutions of the Z n -Sine-Gordon equation, we will prove that under the transformations (3.14), (u ′ k , 0 ≤ k ≤ n) are also solutions of the eq.(3.13). Here we give the proof of the above argument by direct calculation using the transformation (3.14),
Then because u k are solutions of the Z n -Sine-Gordon equation, i.e.
therefore we can derive the u ′ k are also solutions of the Z n -Sine-Gordon equation
Then we can say that the transformation (3.14) is the Bäcklund transformation of the Z n -Sine-Gordon equation.
By the Bäcklund transformation of the Z n -Sine-Gordon equation, we can get other new solutions of the Z n -Sine-Gordon equation. One can see it in the following example.
Example 1. Take the seed solution as
In some special cases, the results are as follows when n = 0, a
. It is well known that the classical Sine-Gordon equation is equivalent to Sinh-Gordon equation. Therefore now let us also consider the case of the Z n -Sinh-Gordon equation in similar ways as in the following lemma.
Lemma 2. The following identity holds
sinh        a 0 0 0 · · · 0 a 1 a 0 0 · · · 0 a 2 a 1 a 0 · · · 0 . . . . . . . . . . . . . . . a n a n−1 a n−2 · · · a 0        =        c 0 0 0 · · · 0 c 1 c 0 0 · · · 0 c 2 c 1 c 0 · · · 0 . . . . . . . . . . . . . . . c n c n−1 c n−2 · · · c 0        ,(3.
17)
where
Also by a tedious calculation, we can derive the Z n -Sinh-Gordon equation
and its Bäcklund transformation in the following theorem.
Theorem 2. The Z n -Sinh-Gordon equation (3.19 ) has the following Bäcklund transformation
The proof of this theorem is similar as the proof of the Theorem 1. We will skip it here.
To see the Z n -Sine-Gordon systems clearly, we will take take n = 2 and n = 3 as examples in the following several sections.
The Z 2 -Sine-Gordon equation and its Bäcklund transformation
In this section, we will construct the Z 2 -Sine-Gordon equation in the commutative algebra Z 2 = C[Γ]/(Γ 2 ) and Γ = (δ i,j+1 ) ij ∈ gl(2, C). By a direct computation using Taylor expansion, we can get the following lemma. 
has the following Bäcklund transformation
(4.25)
Proof. To see the Bäcklund transformation of the Z n -Sine-Gordon equation clearly, here we give the proof of the above theorem by a direct calculation in terms of matrices
Then because u 0 , u 1 are solutions of the Z 2 -Sine-Gordon equation, i.e.
therefore we can derive the u ′ 0 , u ′ 1 are also solutions of the Z 2 -Sine-Gordon equation
Then we can say that the transformation (4.25) is the Bäcklund transformation of the Z 2 -Sine-Gordon equation.
Next we give a simple example with seed solutions u 0 , u 1 ; and we can get another new solution of the Z 2 -Sine-Gordon equation by solving the first-order equation of the above Bäcklund transformation (4.25). 
Here the solutions of two sets of equations will be derived by integral calculations and we get the following conclusions:
According to the relation of cos 2a and tan a as
So the second equation of equations (4.27) becomes:
which further leads to
e (ax+a −1 t) e (2ax+2a −1 t) + 1 .
The Z 2 -Sinh-Gordon equation and its Bäcklund transformation
In this subsection, we will use the similar method in the last section to consider the Bäcklund transformation of the Z 2 -Sinh-Gordon equation. Basing on the well-known Sinh-Gordon equation as following
we will consider the following Z 2 -Sinh-Gordon equation
The Z 2 -Sinh-Gordon equation has the following Bäcklund transformation Then the Bäcklund transformation formula can be expressed as 
According to the above two equations, we can get a system of algebraic equations
(5.36)
By finishing both sides of the first formula of the eq.(5.36), we can derive the following nonlinear superposition formula of Z 2 -Sine-Gordon equation . .
In this way, by the algebraic iterated operation we can get many new solutions of the Z 2 -Sine-Gordon equation.
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